Applied Multivariate Research, Volume 13, No. 1, 2009, 5-41

ANALY SING THREE-WAY PROFILE DATA USING
THE PARAFAC AND TUCKER3 MODELS
ILLUSTRATED WITH VIEWS ON PARENTING'

Pieter M. Kroonenberg
Leiden University, Leiden, The Netherlands

Richard A. Harshman?
University of Western Ontario, London, Ontario, Canada

Takashi Murakami
Chukyo University, Toyota, Japan

ABSTRACT

In this paper two major models for three-way profile data, i.e., the Parafac
model and the Tucker3 model are discussed from the point of view of application.
Topics treated are handling the data before analysis, model choice, choice of
dimensionality, model fit, algorithmic hazards during the analyses, and interpreta-
tion and validation of the results. These issues are discussed in some detail so that
prospective users can take guidance for analysing their own data.

The data provided by Japanese girls and their parents about the parenting style
in their family are the major vehicle for demonstrating the issues touched upon.
The general results from these data are that parental styles consisted of three
groups of behaviours: Acceptance, Control and Rejection, and Discipline. Within
families the parenting behaviours of fathers and mothers are seen as parallel
rather than at cross purposes, both by the daughters and the parents themselves.
Moreover, daughters and parents largely agree about the parenting style itself.
Notwithstanding, there are also families in which daughters and parents disagree
about the parenting style in particular about Acceptance and Control, but not
about Discipline.

INTRODUCTION

The focus of this paper is the analysis of three-way profile data using the two
most common models for such data, i.e., the Parafac model and Tucker3 model.
Before we can discuss the models we have to look at three-way data themselves
and how they have to be handled before analysing them with one the three-mode
models®. After having considered these data preliminaries, we present the two
analysis modelsin arather conceptual fashion referring the reader for technical
details elsewhere. How these models work in practice is the central theme of this
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paper and thisisillustrated with a detailed application of the Kojima data on
judgements of parental behaviour towards their daughters (Kojima, 1975). Not
only the working of the models is presented but also a comparison is made
between them. Along the way we have formulated a number of recommendations
which should allow applied researchers to start on a three-mode analysis of their
own data and delve into the literature further.

Two-Way Profile Data: Setting the Scene

A common research goal in non-experimental psychology is to improve the
understanding of a conceptual domain via studying a number of variables to
measure aspects of that (multidimensional) domain. Often subjects are considered
to be random samples from some population, but in reality they seldom are.
Moreover, it isan empirical question whether in the sample subgroups exist
which have different characteristics. Therefore, one should not only analyse the
structures derived from the variable correlations, but also pay attention to individ-
ual differences or group differences during an analysis. A balanced interest in
subjects and variablesis called for.

Assume for the moment that we have drawn a random sample and that we
want to assess the structure of the variablesin atwo-way (i.e., two-subscripted)
data set consisting of individuals (rows) by variables (columns). Such data are an
example of two-way profile data with the subjects having profiles across the
variables. The variables or items could form a questionnaire constructed to con-
tain a number different conceptual domains, and the aim of the investigation is to
verify in a non-confirmatory way whether the items indeed group into their
hypothesised domains. In such investigations, the prime interest isin the varia-
bles, and the subjects are exchangeabl e, one person is as acceptable as another as
long as they come from the same population. Thisimplies that individual differ-
ences are not of interest because the subjects are not treated as individuals but as
members of a particular population.

In the case that the variables do not group into their domains, what to make of
the variable grouping that one finds? If the researcher is primarily interested in
refining the measurement device for the hypothesised domains, items are deleted
that do not group as desired. Alternatively, wordings of items are modified in the
hope this will put them within the intended domain, or new better items are con-
structed. With the thus amended measurement instrument, new data are gathered
drawing again from the appropriate population, and so on until the instrument
works as intended.

A different situation arisesif the ultimate aim of the researcher is not the
construction of a measurement instrument according to preconceived ideas, but
the interest isin the psychological properties, processes, and structure in the
domain from which the items are drawn. In other words, the data set at hand
needs to be analysed in order to discover the underlying principles which guided
the responses of the subjects. At the same time, because it is the data themselves
which are of interest, there is a necessity to investigate the organisation of the
subjects as well, especially if they cannot be guaranteed to be a truly random
sample from an unstructured population. The purpose of such an analysisis not
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merely descriptive and interpretive, but the aim of the researcher isto make an
inductive, or theoretically principled, use of the analysis. In such acase, theinves-
tigator wants to learn more about the substantive domain, wants to investigate
multi-item properties, such as ‘‘ cognitive-affective dimensions” or other charac-
teristics that span multiple items and account for their statistical correlations.

Multivariate methods in many textbooks are couched in terms of algebra and
distributions of statistics, but there is also a geometric side to these methods (see,
for instance, Wickens, 1994) especially in exploratory analyses, such as principal
component analysis, multidimensional scaling, and correspondence analysis. An
excellent book discussing multivariate methods along these lines is Legendre and
Legendre (1998). In the extensions of component analysis discussed in this paper
this geometric view is paramount.

The basic elements of the geometric view of multivariate statistics are that
subjects can be seen as points defined in the space defined (or spanned) by the
variables as is well-known in the case of scatterplots for two variables. In the
same way, the variables can be seen as points (usually represented by arrows,
vectors or axes) in the space defined by the subjects. This geometric symmetry is
especially exploited in multiway analysis.

Suppose one wishes to reduce the multidimensional space spanned by many
variables to alower-dimensional one with the principal aim of investigating the
relationships of the variables. In such a case one does not necessarily have to
assume that important (psychological) principles underlie the data, but one simply
wants to investigate the major relationships between variables and subjectsin a
lower-dimensional space without explicitly seeking to interpret the axesin the
space. Necessarily, one wants the low-dimensional subspace to explain as much
variance as possible to be sure to capture as much structural variance as possible
in afew dimensions.

Principal component analysis and ‘exploratory factor analysis' have been the
major analysis vehicles for investigating low-dimensional subspaces to disentan-
gle relationships between variables, subjects and their interrelationship. However,
factor analysis, neither the technique nor the term, will feature in this paper. For
expository purposes, the somewhat controversial position is taken here that there
isaclear distinction between (exploratory) component analysis and (confirma-
tory) factor analysis, and the present paper deals exclusively with component
techniques.

Three-Way Profile Data

Often data are more complex than individuals by variables, for instance when
the individuals are measured under several conditions or at more than one time
point. The resulting data have a three-way format of, for instance, subjects having
scores on variables under several conditions (three-way profile data) or of situa-
tions which are judged on a number of scales by several individuals (three-way
rating data). To tackle the investigation of the structure in such data, it seems
natural to look for generalisations of the two-mode component analysis for their
analysis. These generalisations or three-mode component models are the subject
of this paper; in particular two of the most commonly used models for this pur-
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pose, the Parafac model and the Tucker3 model. Several earlier didactically ori-
ented papers exist which explain three-mode analysis in detail, among others Bro
(1997); Harshman (1994b); Kroonenberg (1994); Van Mechelen and Kiers
(1999); Kiers and Van Mechelen (2001), and many practical issues are treated in
detail in Kroonenberg (2008). The present paper treats and illustrates the two
major three-mode models in a single paper which we hope will provide insights
into each method as well as an overall understanding of their relationship.

We will restrict ourselves here to three-way profile data to keep the discussion
manageable; for a discussion of three-way rating data see Kroonenberg (2008,
chap. 14). Subjects, variables, and conditions for the three modes will be the
labels used, but obviously these labels are generic and in other sciences other
types of three-way data occur. Even though many categorical variables are col-
lected especialy in the social and behavioural sciences, and three-mode methods
exist to deal with them (see, for instance, Kroonenberg, 2008, chap. 17 and 18); in
this paper we will limit ourselves to numeric variables. We will also not discuss
data in which there exists a specific time structure or order relationship between
the measurement conditions. The introduction of order information into an analy-
sisintroduces specific technical problems but also interpretational opportunities
but treating them would take us too far afield.

Three-way profile data correspond to a multivariate repeated-measures design.
The major difference between the standard multivariate analysis and our treat-
ment with three-mode models is our focus on individual differences between the
subjects as well as on the underlying correlational structure for the variables. If
individuals are a random sample from one or more populations, i.e., the subject
mode is a stochastic mode, only means and covariances are of interest. So that
one may restrict oneself to their analysis without paying attention to the individu-
alsthemselves; see Bentler & Lee (1979); Oort, (1999), and their references for
stochastic three-mode models. However, often the subjects are analysed as if they
are a population rather than a (random) sample from a well-defined population.
Moreover, there often is an interest in changes in the correlational structure
between the variables across conditions. In such cases, three-mode analysisis
particularly useful. The value of athree-mode analysisis enhanced if additional
information is available about the subjects. If it is not, one can still fruitfully
describe the differences found in terms of the data contained in the three-way
array, but not in terms of other characteristics of the subjects.

If adata set is approached as a population or if one sees the three-mode analy-
sis as a purely descriptive technique for the sample at hand, then sample sizeis
not necessarily a serious concern. However, in small data sets, the description of
the majority of the data can be easily distorted due to outlying data points, a
specific level of amode or both.

In three-way profile data, the subject mode often can be considered both as an
individual differences mode and as a stochastic one, which allows for calling
upon technigues which need stochastic modes for their application. For instance,
given a stochastic mode with unknown distributional properties, the (statistical)
stability of (parts of) a three-mode solution can nevertheless be assessed via a
bootstrap analysis (see Kiers, 2004). Split-half procedures for assessing stability
also assume a stochastic mode, as do imputation procedures for generating multi-
ple data sets in the case of missing data (Kroonenberg, 2008, chap. 7).
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Preprocessing Three-Way Profile Data

Because numeric variables often have different measurement scales and
ranges, their values are not necessarily comparable and nearly always some form
of preprocessing is required, i.e., means have to be removed (centring) and divi-
sion by a scale factor has to be done as well (normalisations). The standard way
to handle three-way profile data before the analysis proper is to centre per vari-
able-condition combination (jk), usually per column across subjects, and to

. . . 2
normalise per variable slicej so that 2= (xijk - x.jk)/zik# Xk ™ X.jk)2 , Where
X are the raw data and Z the preprocessed data. A - refersto an index after
summing over it.

This centring is recommended because it eliminates the average score on each
variable for each occasion so that all scores are in deviation of the scores of the
‘average person’. Thisis the person whose scores are exactly at the mean of each
variable at each occasion. Thus all z, are in deviation of the variable means and
normalised per variable j. In longitudinal studies, thistype of centring has the
effect of removing the time trends over occasions, so that these trends have to be
investigated independent of the variation around these trends. The suggested
centring has the additional advantage that if there is areal meaningful, but
unknown, zero point of the scale, it is automatically removed from the scores (see
Harshman & Lundy, 1984b, for a detailed discussion of this point). A further
effect of this centring is that the component coefficients of the subjects arein
deviation of their means.

Normalising over all values of each variable means that the normalised devia-
tion scores carry the same meaning for all occasions. Thus a standard deviation
has the same size in the original scale for each occasion. A similar argument is
used in multi-group structural equation modelling for using covariance rather than
correlation matrices; Kroonenberg (2008, chap. 6) discusses the recommendation
for normalisation in greater depth.

The effect of the recommended preprocessing is that the variable coefficients
on the components can be adjusted in such away that they can be interpreted as
variable-component correlations as shown in Table 1. The recommended prepro-
cessing is the only way to get this interpretation.

Objectives of Three-Mode Analysis

The major aim of applying three-mode analysis to three-way profile datais to
unravel complex patterns of dependencies between the observations. All models
have component matrices for each of the modes, thus one set of components for
the subjects, one for the variables, and one for the conditions. Moreover, the
models aso contain weights which provide the size of the links between compon-
ents of the different modes. In the Parafac model these weights are such that a
component of one mode is linked only with one component of another mode, but
in the Tucker3 model links between all components of all modes are allowed.
This makes the latter model inherently more complex, but also more flexible in
fitting it to data. Details of this are worked out when we discuss the models
themselves.
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Table 1. Kojima Data: Scale and Condition Coordinates

Parafac Tucker3
Component-Scale Rotated Components
Correlations
Scale Order CRPBI 1 3 2 1 2 3

Parental support or Acceptance

Acceptance 1 AC .64 24 27 45 .01 .00
Acceptance individuation 13 AC .64 A7 .29 44 -03 .05
Child centredness 2 AC 54 27 32 41 .05 .05
Positive involvement 7 AC 54 .30 40 42 .08 .04

Behavioural and Psychological control

Possessiveness 3 PC .06 .38 A7 A7 .24 14
Ingtilling persistent anxiety 15 PC -11 49 41 .07 34 -.00
Intrusiveness 8 PC .16 49 37 21 .28 -.08
Hostile control 10 PC -17 .61 34 .03 39 -.08
Enforcement 6 FC -.18 49 34 -01 34 -.08
Control 5 FC 02 .56 .32 A3 34 -13
Rejection

Control through guilt 9 PC -34 .35 36 -.09 31 .08
Withdrawal of relations 17 PC -45 .23 35  -.16 27 18
Rejection 4 AC -53 .24 32 -22 27 A8
Hostile detachment 16 AC -58 .16 24 =27 .24 A7
Lax discipline

Inconsistent discipline 11 PC -30 A4 43  -.08 A7 .34
Lax discipline 14 FC 37 .04 -.00 Jo0  -.03 49
Extreme autonomy 18 FC 32 .02 -20 06 -11 51
Nonenforcement 12 FC .28 .01 -.22 .04 -12 A7
Standardised weights 14 A2 A2 .20 A7 .08

Conditions - Normalised Coordinates

Daughter-Father D-F .56 .70 23 .69 .01
Daughter-Mother D-M .59 .67 22 72 -01
Father-Father F-F .38 22 .63 -01 72
Mother-Mother M-M 44 A2 72 .01 .70

The left-hand panel contains the component-scal e correlations and the normalised condition
coefficients from a three-component Parafac analysis. The right-hand panel contains the
scales components after a Harris-Kaiser independent cluster rotation (see p. 33) and the
varimax-rotated normalised condition components from a4 x 3 x 2-Tucker3 analysis. Both
sets of components are orthogonal .

Cosines between the Parafac scale components: cos(0,,) = -.01; cos(0,) = -.02; cos(0,,)

= .77. Cosines between the Parafac condition components: cos(3 ,,) = .81, cos(§4,) = .92;
cos(§,3) = .53.

Numbers of the scales is the sequence order in the CRPBI; they are used to label the scales
in Fig. 4. Official CRPBI scales: PC = Psychological control; FC = Firm Control; AC =
Acceptance.

10
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Model and Dimensionality Selection

Even though we have referred to the three-mode models as the Parafac model
and the Tucker3 model, it is better to think of classes of three-mode models,
because each model can occur with different numbers of components. In practice
we will therefore not only have to choose atype or class of model, but within
those classes we will have to decide how many components we need for analysis,
just as we have to choose the number of components in ordinary two-mode prin-
cipal component analysis.

Interpretation

There are essentially four different ways in which the basic results from a
three-mode analysis can be presented, i.e., (1) Tables of the coefficients or load-
ings for each mode rotated or not; (2) Separate pair-wise graphs of the com-
ponents per mode; (3) All-components plots showing all components of asingle
mode in a plot with the levels of the modes on the horizontal axis; (4) Per-
component plots showing one component of each of the three modes in the same
plot. Aswe shall seeg, the latter type of plots conforms most closely to the spirit of
the Parafac model, because they allow for the simultaneous inspection of the
coefficients of the three modes per component. The pair-wise component plots
make more sense when the spatial characteristics of the solution are to be exam-
ined and thisis more in line with the characteristics of the Tucker3 model. Further
details will be discussed in later sections.

Validation

In validating three-mode results, one may look internally towards the analysis
itself and investigate the statistical stahility of the solution via bootstrap analyses;
see Kroonenberg (2008, chap. 8). Furthermore, one may look at the residuals to
see which parts of the data have not been fit well and to what extent there is much
systematic information left. In Tucker models nearly every part of the model can
be evaluated in terms of fit to the data. Another approach to validation is looking
at information external to the data set available on the entities which make up the
data set to see whether they can help to shed further light on the patterns found.
For instance, design information for the variables, background information on the
subjects, etc.

THREE-MODE MODELS

In this section we discuss the two most common three-mode models, the
Parafac model and Tucker3 model. With these models the same type of data can
be analysed but they differ in the assumed underlying structure in the data, the
ease of fitting the models to data, and the number and type of choices one has
make to find an appropriate model for the data at hand. We will take up each
model in turn and discuss some of its most salient properties. For full details one
should look in the reference mentioned earlier. However, before entering into the
discussion of three-mode model, a brief recapitulation of principal component

11
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analysis and the singular value decomposition will be given to set the scene for
the three-mode discussion.

Singular Value Decomposition: Basis for PCA

Two-way profile data are usually collected in atwo-way data matrix X = (x;;)
of | subjects by J variables. The variables do not have necessarily the same scales
and thus some type of normalisations will generally be required. We will refer to
the entities within a mode as levels, thus the variables and subjects are the levels
of their modes.

In standard (two-mode) component analysis, we attempt to fit a two-mode
model to two-way profile data of subjects by variables as follows:

S S S
M=Z%%%+%=Za@@9+%=2%%+%, ()

where the a; are the coefficients or scores for the subjects, and per component
they can collected into a column vector a,. Such columns are also known as the
‘subject’ (or left) singular vectors. Similarly, the b, are the coefficients for the
variables, and per component they can be collected into the column vectors by,
which are the ‘variable’ (or right) singular vectors. The g are the square roots of
the eigenvalues (or singular values) which represent the standard deviations of
the components given the standard centring and normalisations. The model,

S
&=;aﬁ&w

is known in the statistical literature as the singular value decomposition. As
Figure 1 shows the g constitute the diagonal of the matrix with singular values,
G, and in the light of the coming generalisation to three modes, this matrix is
called the two-mode core matrix. If the g are absorbed in the variable coeffi-
cients, the a,, are generally referred to as (standardised) component scores, while
the f,; = b, g are then referred to as loadings (see left-hand panel of Figure 1).
The column vectors or components ag together form the matrix A of component
scores. The column vectors f_ form the matrix of component loadings F.

variables subjects
1
guf O Bl . | Oul 0 A
subjects X = A ngz/ variables X 0927
1’| loadings subjects -
A F for variables i 1| = @pnnmpa
variables X — coordinates

variables

subjects X -

for subjects

scores -
. normalised
for subjects coordinates

for variables

Figure 1. Singular value decomposition and principal component analysis.

If the g are absorbed in the subject coefficients, the g are vectors of scores
whose variance is equal to the eigenvalues (see right-hand panel of Figure 1).
These two different ways of presenting the principal component model were

12
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already present in the early days of component analysis (see Ten Berge & Kiers,
1997, for a complete discussion).

Parafac Models
Parallel Proportional Profiles

The fundamental idea underlying the Parafac model was first formulated by
Cattell (1944) in the form of the principle of parallel proportional profiles which
he explained in Cattell and Cattell (1955) as follows:

““The basic assumption is that, if a factor corresponds to some real organic
unity, then from one study to another it will retain its pattern, simultane-
oudly raising or lowering all its loadings according to the magnitude of the
role of that factor under the different experimental conditions of the second
study. No inorganic factor a mere mathematical abstraction, would behave
thisway [...]. This principle suggests that every factor analytic investiga-
tion should be carried out on at least two samples, under conditions differ-
ing in the extent to which the same psychological factors might be expect-
ed to beinvolved. We could then anticipate finding ‘true’ factors by locat-
ing the unique rotational position (simultaneously in both studies) in which
each factor in the first study is found to have loadings which are propor-
tional to (or some simple function of) those in the second: that isto say, a
position should be discoverable in which the factor in the second study will
have a pattern which is the same as the first, but stepped up or down.”
(Cattell & Cattell, 1955, p. 84; their italics).

The parallel proportional profile principle has great intuitive appeal, exactly
because it determines the orientation of component axes without recourse to
assumptions about the desired pattern of loadings. In particular, thereis no at-
tempt to maximise simplicity or any other structural property within a given
occasion. Instead, the proportional profiles criterion is based on a simple and
plausible conception of how loadings of *‘true factors” would vary across occa-
sions.

A further strength of the parallel proportional profile principleisthat it is
based on patterns in the data that could not have easily arisen by chance, or as an
artefact of the way that the study was conducted. When it can be empirically
confirmed that such proportional shifts are present and reliable, one has estab-
lished an important fact about the data, one that is in accordance with the fact that
there are underlying factors which have a particular axis orientation (see Harsh-
man & Lundy, 1984a, pp. 147-152, 163-168, for a more detailed presentation of
the argument).

Disadvantages of the Parafac model with respect to models or rotations with
specific restrictions on the components is that no specific theories can be tested
nor very simple, easily interpretable, components can be searched for. One way of
attempting to get the best of both worlds is to use constrained Parafac models
(see, for instance, Krijnen, 1993 and Bro, 1998, for several ways how this can be
done). Furthermore, in practice very often data sets only support a limited number
of components with parallel profiles, while other three-mode models can describe

13
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additional patterns which do not conform to the parallel proportional profile
principle. Thisis one of the important differences between the three-mode models
discussed here.

The Basic Parafac Model

Three-way profile data can be collected in an | by J by K three-way data array
9= (x;) of I subjects by J variables by K conditions. The variables have not
necessarily the same scales and thus some type of normalisations will generally
be required. Again, we will refer to the entities within a mode as levels, thus the
variables, subjects, and conditions are the level s of their modes.

The basic Parafac model for a three-way array Cwith elements x;, consisting
of the scores of | subjects on J variables under K conditionsis a direct extension
of standard two-mode PCA (Equation 1), and has the form,

s
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where the subject scores a,, the variable loadings by, and the condition weights
C, are the elements of the component matrices A, B, and C, respectively. Note
that the model shows great similarity to the two-mode case (Equation 1), but it
has an additional set of coefficients for the conditions. In the Parafac model, all
modes take identical roles so that there is no apriori designation of variable coef-
ficients as loadings in the sense of variable-component correlations and subject
coefficients as standardised scores as is common in two-mode analysis. However,
we often use these terms in this paper for ease of presentation without assuming
the specific interpretations attached to them in two-mode analysis.

The weight of the sth component, g, indicates itsimportance. These weights
can be interpreted in the same way as their two-mode counterparts, the singular
values g, be it that they are not necessarily standard deviations. Moreover their
squared values g2 in general do not add to the total variance explained unless the
components are uncorrelated. The squared values do, however, indicate the vari-
ability accounted for by their components and indicate their importance in recon-
structing the data. In standard two-mode component analysis the g fit onto the
diagonal of a square matrix (see Fig. 1), and analogously the g can be collected
on the diagonal of a cube (see Figure 2; top). Such adiagonal is called a super-
diagonal and the cube & (i.e., g, = 0if p# q# ) isreferred to as a core cube.

S
S Superdiagonal
A C " Core Array
sk’
C1 C2 Cs
=t - + / + g
= Owm b Q222 b2 bs
ai a2 as|

Figure 2. The Parafac model: Sum of combinations of components; one from
each mode for each component.

14
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The papers by Harshman and Lundy (Harshman & Lundy, 1984a, 1984b;
Harshman, 1984) together are the most complete treatment of the model and
many related issues to date. More recent treatments are to be found in the follow-
ing books: Krijnen (1983), Bro (1997), Smilde, Geladi, and Bro (2004), and
Kroonenberg (2008).

Unigueness and explicit models

Compared to the Tucker3 model to be discussed, the Parafac model has, given
the number of components, a unique solution apart from trivial rescalings and
reorderings of the components, given thereis **adequate’” variation across all
three modes; to use the term originally used in Harshman (1970). The easiest set
of conditions which define adequacy is that at |east in one of the modes the
components are nonproportional, i.e., ¢, # k c, for any constant k. Adequate varia-
tion in all three modes s central to the unigueness of the model and the presence
of systematic variation in the data; full details can be found in Kruskal (1984),
Carroll and Chang (1970), and Harshman (1972b).

The uniqueness makes the Parafac model very attractive if it is known or
hypothesised that it gives an adequate representation of the structural patternsin
the data. Harshman uses this uniqueness property (or ‘intrinsic axis property’, as
he also callsit) to search for “‘real’’ psychological factors basing himself on
Cattell’s parallel proportional profiles as was indicated in the quote in the opening
paragraph of this section. The parameters in the model depend only on one of the
indicesi, j, k, thus they may be seen as proportionality constants for entire
components. Thus, the conditions weight each a, /b, with the same weight, ¢,
irrespective the variable j or the subject i. For example, the component a,is
proportionally enlarged or decreased by an amount ¢, for alevel k of the third
mode. Thus across conditions the components a  are parallel; hence the name of
the model.

Tucker Models

The Tucker models form the other class of models which are generalisations
of two-mode principal component analysis, and they are named after their pro-
poser Ledyard R Tucker. Tucker (1966) was the first to propose workable three-
mode models, to present algorithms for fitting them, and to show a number of
real-data examples. There are several variants of the basic model proposed by
Tucker, such as the Tucker3 and Tucker2 models. In this paper we will only
discuss the Tucker3 model which features components for all three modes. The
central difference between the Tucker3 model and the Parafac model is its proper-
ty that each mode has its own components rather than that there is one set of
components to which all modes refer. In two-mode analysis, the componentsin
the subject and variable spaces are uniquely linked to each other and can therefore
be considered to be the same (all g, are zero). However, thisis not so in the
Tucker3 model where any components of one mode can be linked to any com-
ponent of the other modes. On the other hand, the exclusive link between com-
ponents of different modesis retained in the Parafac models.

15
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The Tucker3 model can be used to model a data array into all its components
asistrue for PCA inthe two-mode case, so that one can always find a complete
solution for any three-mode data set. The model applied to athree-way array X

with elements x;, has the form:
P QR

Xijie = ; ; Zaipquckr Opar + Ciji - ©)

where the scores &, the loadings b;;, and occasion coefficients c,, are the ele-
ments of the component matrices A, B, and C, respectively. The g, indicate the
weight of the link between the pth component of the first mode, gth component of
the second mode, and the rth component of the third mode. The g, can be col-
lected in arectangular ‘box’ called the core array ¢ , and the g, are the errors of
approximation (see Fig. 3). In this presentation we will not go into the question,
whether the g, are really random disturbance terms or that they represent infor-
mation which may be decomposed further. The symmetry with respect to the
modes (see Equation 3) makes that all modes take identical roles so that thereis
no a priori need to designate variable coefficients as loadings and subject coeffi-
cients as scores. However, also for the Tucker3 model we often use these terms
for ease of presentation without assuming the specific interpretations attached to
them as in two-mode analysis. The Tucker3 model can also be written in matrix
form, but we refrain from this in this paper; for the technical details see Kroonen-
berg (2008, chap. 4).

[
>
@

Figure 3. The Tucker 3 model

THE KOJIMA GIRLS DATA
Background, Instrumentation, and Sample

The perception of parental behaviour by parents and their children were the
central concern of the study from which the illustrative datain this paper were
drawn (Kojima, 1975). Kojima wanted to validate the component (or factorial)
structure of the questionnaires used to measure parental behaviour. He argued that
this could be done by comparing the reactions of parents and their children on the
same (type of) instrument, and in separate analyses he found great similarity. This
formed the basis for presuming that the perceptions or perceptual dimensions of
parents and children are sufficiently the same to be included in asingle analysis
such as presented here.
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The instrument used in his research was the Japanese version of the Child’'s
Report of Parent Behaviour Inventory 0 CRPBI (Schaefer, 1965). In order to
have parents judge their own behaviour, Kojima (1975) developed a strictly paral-
lel parental version of thisinventory (PR-PBI). The CRPBI is athree-point
Likert-type questionnaire designed to assess children’s perceptions with respect to
parental acceptance, permitted psychological autonomy, and level of parental
control. In English nearly identical forms are used for indicating behaviours of
mothers and fathers, but owing to the structure of the Japanese language, it was
possible to make a single version suitable for both parents. The substantive ques-
tions to be addressed in our analysis are (1) to what extent the structures of the
guestionnaire subscal es are independent of who judges the parent behaviour and
(2) whether individual differences exist between judges, and how they can be
modelled and presented.

The datain this section are ratings expressing the judgements of parents with
respect to their own behaviour towards their daughters and that of their daughters
with respect to their parents. Thus, there are four conditions: both parents assess-
ing their own behaviour with respect to their daughters] Father-Own behaviour
(F-F), Mother-Own behaviour (M-M); the daughters' judgement of their parents
behaviour 0 Daughter-Father (D-F), Daughter-Mother (D-M). Collectively we
will refer to conditions or to judges depending on the context. The judgements
were made of parents of 150 middle-class Japanese eighth-grade girls on the 18
subscales of the inventory (see Table 1). Thus the three-way profile data consist
of a 150 (girls) x 18 (scales) x 4 (judgement combinations) data array. Rather
than only speaking of girls, we will at times refer to ‘families’ aswell.

Objectives of the Analysis

Kojima performed separate component analyses for each of the judgement
conditions, and evaluated the similarities of the components using congruence
coefficients. He also used Tucker’sinterbattery procedure (Tucker, 1958). With
the Parafac model we will search for asingle set of parallel proportional compon-
ents for the scales valid in al conditions simultaneously.

The three-component Parafac solution presented in the next section should be
seen as an example of the kind of answers that can be obtained with the model.
We do not claim that this model solution is necessarily the best or most detailed
Parafac analysis that can be obtained from the data. In later sections, we will
discuss such issuesin more detail.

Dimensionality Selection

Before the Parafac analysis itself, the data were preprocessed in one of the
ways recommended for three-way profile data. The condition means per scale X,
were removed and the scales were normalised. That is, per scale the centred data,
Zjy = Xj - X, » Were divided by the square root of the average sum of squares

§= (&Zij Zﬁk)yz = (%Zij (XK - X.jk)z)yz .
The first objective of a Parafac analysisis to establish how many reliable
parallel proportional components can be sustained by the data. Thisissueis dealt
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with in detail in the section on the Parafac model, where it is investigated to what
extent there exist inappropriate or degenerate solutions, and to what extent the
components cross-validate in split-half samples.

As shown in detail in the section on the Kojima girls' data, the fitted sums of
squares for the one- to four-component solutions were 16%, 30%, 39%, 46%
respectively, but the reliability of the three- and four-component solutions are
guestionable. Requiring the first (subject) mode to be orthogonal improves the
solutions at all dimensionalities. Their proportional fitted sums of squares are
only proportions of one percent less than the original solutions (for more details
see below). For this reason and comparability with the solution of Kojima's boys'
data set reported in Kroonenberg (2008, chap. 13), we chose to present the ortho-
gonal three-component solution with a fit of 38%. The amount of fit is probably
reasonable for this type of three-mode data. It should, however, be pointed out
that, as in two-mode analysis, it would be a mistake to look for a specific amount
of fit. The purpose of component analyses is to find an adequate representation of
the (magjor) structural patterns in data which may contain considerable amounts of
noise. Whether these structures explain a large part of the total variability is aso
related to other aspects of the data such as their reliability, the homogeneity of the
population from which the sample was drawn. From an inspection of the fit of
each subject, scale, and condition, it could be seen that there were no levels
serioudly fitting much better than other levels, and there were no large groups of
levels which did not fit at al. This gave sufficient confidence to proceed with this
solution.

Interpretation

As the Parafac model specifies that per component s the same source of varia-
tion is underlying the variability in each mode, a single interpretation for a
component is appropriate asit is in two-mode component analysis. To understand
this interpretation, two aspects are involved in each set of components of the
Parafac model: (1) the components themselves (a5 = (a,), bs = (b,g), ¢s = (¢,y))
and (2) how they combine to generate the estimated observed score (or structural
image of the observed score): Y 0.8:C.- Each of the components s corre-
sponds to a source of variation. In particular, this source is in the system generat-
ing the measurements, but varies in impact across the levels of each mode. If
parental love is the source in question, then items measuring parental |ove should
have high scores on the variable component, children who are judged to receive
much parental love should have high scores on the child component, and condi-
tions in which parental love is particularly evident should have high scores on the
condition component. The effect of the source is then expressed equally by the
variation across levels of every mode, i.e., parental love increases the score for all
children in the same manner and also for al conditions in the same manner. The
interpretation of the source is made by considering the patterns of variation in its
relative impact across levels of each of the modes. Basically, one interprets all
modes because the component is an entity that is the same source of variation
being moderated both by levels of one mode and by the levels of another mode.
The interpretation of the Parafac model for three-way profile data usually starts
with the variables (scales in the present example), but the interpretation of the
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component or the source of the variation in the data should be in line with the
observed variability in the other modes.

The top left-hand part of Table 1 gives the component-scale correlations, i.e.,
the structure matrix; the right-hand part will be discussed in the section on the
Tucker3 model. The scales have been arranged to supply as coherent a picture as
possible, and the components 2 and 3 have been interchanged to correspond as
well as possible with the Tucker3-solution to be discussed later. The commonly
found dimensions underlying the CRPBI, are Psychological Control, Firm Con-
trol, and Acceptance (see Table 1 for their constituent items). Largely the items of
each dimension group on the Parafac components, however the Parafac compon-
ents themselves do not concur with the ““ official” dimensions. For instance, there
is no separate Firm Control dimension. In the bottom part of the table we find the
normalised coordinates for the conditions. Noteworthy is that all values are posi-
tive. The first component shows the consensus between the daughters’ judge-
ments and their parents be it that the girls has slightly higher coefficients than
their parentsindicating that their judgements are more extreme, the second
component is primarily valid for the parents, and the third for the daughters. Note,
that it is not a question of contrasts as al coefficients are positive. In other words
the second and third components carry comparatively much less weight for the
daughters and the parents, respectively.

Figure 4 shows the per-component plot for Components 1 and similar plots
can be made for the other two components. As Kojima s interest centred on the
similarity in structure of the scale space, we take this as our starting point for the
interpretation.

The first scale component is largely the Acceptance - Rejection dimension
often found for the CRPBI with Lax discipline siding with Acceptance, but it aso
contains three scales which are supposed to belong to the Psychology dimension
(Inconsistent discipline, Control through guilt and Withdrawal of relations). All
judging conditions are positive indicating that all judges had similar views on
parental behaviour. Thus overall, parents and their daughters gave similar judge-
ments. Whether the parents were characterised by the judges as Accepting or
Rejecting varied enormously per family.

The term of the Parafac model displayed in Figure 4 is the product of all first
components, g.&;;;;C,4- We observe that the judges’ coefficients ¢, are all posi-
tive. The signs of a|1 and by, in the product a;;by;; determine whether the parents of
girl i are judged as rgj ectlng or accepting. ngh positive scores for a,;, such as
those of daughters 29, 60, and 81, combined with the positive coefficients of the
accepting scales by, indicate that the parents are judged particularly accepting and
not rejecting, and V|ce versafor the girls at the other end of the component, i.e.,
all judges see the parents of girls 57, 13, and 138 not as accepting, but as rejecting
parents. If the small differences between judges are to be believed, girls judge
their parents to be slightly more extreme than the parents judge themsel ves.

To illustrate the above argument numerically, suppose that Acceptance (scale
j) hasavalue of b,; = .40 on the first component. In addition, the judging condi-
tion k, Daughter Judges parent has avalue of ¢, = .43. Furthermore, the weight of
the first component g, = 2.1, then the combined value of g, b;;¢,; = 2.1 x .40
x .43 = .36. For Girl 29 who has a component score of a,q ; = .20, the first
component’ s contribution to her Acceptance score in case of the daughter-judges-
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Figure 4. Kojima Data: First components of the Girls mode, the Scale made,
and the Condition mode. The solid arrows on theleft-hand side refer to the
scales, the dashed arrows on theright-hand side to the daughters, and the
four bold markson the vertical lineto the conditions, i.e., D-F: Daughter
judges her father’s behaviour towards her; D-M: same with respect to her
mother; F-F: the father judges his own behaviour towards his daughter; M-
M: samefor the mother.

parent condition is .36 x .20 = .07. However, for Girl 138 with a component score
of -.20, the contribution is -.07. Thus on the basis of this component Girl 29
judged her parents as more accepting (rather than more rejecting), while Girl 138
judged her parent as more rejecting (rather than more accepting). As the zero
point represents the mean due to the centring, Girl 29 scores above and Girl 138
below average on Accepting in the daughter-judges-parent condition.

All scales have positive and comparabl e coefficients on the second compon-
ent. In addition, the coefficients of the judges are all positive, but those of the
parents as judges are much higher than those of their daughters. Given that the
positive coefficients of the parents, this component seems to represent something
like a response style. Some judges especially parents give more extreme answers
on all scales than others. For parents whose daughters are on the positive side of
the girls' axis the response style serves to make the parents’ judgements more
positive, while for the girls on the negative side the parents’ judgements are more
negative on al scales.
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The third scale component is (positively) dominated by Behavioural and
Psychological control, be it that there is a bit of asimilar response-style flavour as
with the parents in the second component. Only Lax discipline is exempt. From
the condition components we see that this component reflects primarily the
daughters' judgements of their parents. And the interpretation proceeds along the
lines as with the parents on the second component.

Summary of the Analysis

There is substantial agreement between parents and their daughters about the
parents behaviour, but some differences between them could be observed. The
differences between families were, however, much larger than the within family
judgements. This evident from the considerable differences between the girls
(between-family differences), and the comparatively small differencesin the
judging conditions (within-family differences). Parallel proportional differences
were primarily evident in the contrast between Acceptance versus Rejection. It is
not easy to compare these results with those of most component analyses of
similar data, due to the use of a different model. When discussing analyses using
the Tucker3 model, we will come back to comparisons of these results.

An interesting question arises from the analysis using the Parafac model. If we
follow Cattell and Harshman that components derived with Parafac have more
“real” meaning than (rotated) maximum-variance components, one may wonder
what the meanings are of the Parafac components in the present study. The analy-
sis gives the impression that the scales exhibit one real contrast (Acceptance -
Rejection) and that the other components capture primarily response styles. Of
course, these findings need to be confirmed by analysing other similar data setsin
the same way, preferably some of the defining data sets of Schaefer. It is clear
that the variable-component correlations (see Table 1) only partially follow the
“official” grouping of the originators of the instrument.

THREE-MODE ANALYSIS: PRACTICAL ISSUES

In this section we will discuss how to carry out three-mode analyses with the
major three-mode models. We will discuss such issues as choosing an analysis
within each class, comparing solutions, plotting, properties of the solutions, and
what to do in case things do not go according to plan. Various points are illustrat-
ed with the Kojimagirls' data.

Parafac Model

The primary aim of the analyses in this section is to discuss the practical
issues in connection with carrying out a Parafac analysis on three-way profile
data. For this purpose, we will lean heavily on the magnum opus of Parafac’s
godfather, Richard Harshman (Harshman & Lundy, 1984a, 1984b; Harshman &
DeSarbo, 1984).
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Objectives

The aim of most analyses with the Parafac model is to uncover the existence
of components which show parallel proportional profiles, and if possible to identi-
fy these components as ‘‘real’’ ones which carry true substantive meaning. In
many chemical applications thisis not a problem as the components often corre-
spond to physical or chemical properties of the substances under investigation.
Harshman, Bro and co-workers have shown several analyses where the uncovered
components could be given such a status; e.g. Harshman (1994a), Harshman,
Ladefoged, & Goldstein (1977), Bro (1998), Smilde et al. (2004a). However, in
the example of the previous section, the correspondence between the components
and the theory of parental behaviour is far more difficult to establish, especially
because no non-orthogonal solutions could be found. If stable solutions are pres-
ent, thiswill give valuable information to the substantive researchers about possi-
ble underlying parallel proportional profiles. Thus, given stable Parafac compon-
ents have emerged, it should spur researchers on to make sense of these compon-
ents using paralel proportional profiles.

Data and Design: Types of variability.

Because the Parafac model is based on parallel proportional profiles (PPP) and
therefore sensitive to violation of this principle in the data, it is important to pay
attention to the possibility that such profiles might not be present. However, often
the only way to check thisisviaan analysis with the model itself. The propor-
tional profile requirement is also known as trilinearity, which refers to the proper-
ty that the model is linear in each mode given the other two modes (see Equation
2), where the components of one mode are linear given the values of the other
two modes.

In Harshman & Lundy (19844, p. 130) the PPP principle is explained in terms
of models or components underlying the data. In the system variation model, the
components ‘‘reside in the system under study and through the system affect the
particular objects; the [component] influences exhibited by particular objects
would thus vary in a synchronous manner across a third mode.” In *‘the object
variation model, separate instances of the [component] can be found in each of
the objects, and these within-object [components] would not be expected to show
synchronous variation across levels of athird mode.””*

Typically, object variation is not in accordance with the Parafac model.
Harshman & Lundy (1984a) suggest that if the object variation isin one mode
only, the fully-crossed data can be converted to cross-product matrices such that
the object-variation mode ‘ disappears’, in the same way as individuals are no
longer visible in a correlation matrix but only the variables. Then these cross-
product matrices can be investigated for parallel proportional profilesin the other
modes with the standard Parafac model.

Model and Dimensionality Selection

The choice of the ‘best’ or most appropriate solution of the Parafac model is
not an easy one and the procedure to arrive at such a solution requires consider-

22



THREE-MODE MODELLING OF THREE-WAY PROFILE DATA

able attention to details. Because the model isidentified or unique given the data
and the number of components, it may not fit due to the lack of parallel profilesin
the data. Often several analyses at each plausible number of components are
necessary to find an appropriate solution if it exists at al. Again the Kojima girls
data, but not the boys' data, are acasein point.

Uniqueness.

Harshman (1970) provided the first discussion of the uniqueness of the Par-
afac model. Krijnen (1993, chap. 2) provided a further discussion of the concept
of uniqueness. The major thrust of his argument was that one should distinguish
between weak and strong uniqueness. In the former case, the unique solution is
one in which the obtained solution is surrounded by a number of non-unique
solutions which fit ailmost as well as the unique one, and thus Harshman's claim
that the unique solution should be given preference over al other solution is not
guite as strong. He argues that in such a case it might be advantageous to take a
nearly as good solution if it is easier to interpret, for example because via rota-
tions the components can have a simple structure. A solution is strongly unique if
there are no non-unique models which have ailmost as good a fit as the Parafac
model itself.

Harshman (1972a) (see also Krijnen, 1993, p. 28, 29) showed that a necessary
condition for the uniqueness of a solution is that no component matrix has propor-
tional columns. Krijnen suggested checking for weak uniqueness by comparing
the fit of aregular solution of the Parafac model with that of a model with two
proportional columnsin any of the component matrices. If the difference is small
the solution is considered weakly unique; for an example, see Kroonenberg
(2008, pp. 323ff.). A similar approach may be taken by comparing the fit of the
regular unique Parafac solution with that of any other Parafac model, say with
orthogonality constraints on one of the component matrices.

The accepted way to compare two components, say x and y isvia Tucker’'s
congruence coefficient,

D Xt/

@(y - (ZXIZ)]/Z (ZyIZ)]/Z ! (4)

which is similar to a correlation coefficient except that the components are not in
deviation of their means (Tucker, 1951; Ten Berge, 1986). |f the components are
already in deviation of their means asis generally the case for the subject modein
profile data, the congruence coefficient is equal to the correlation coefficient. For
the Kojima girls' data, Table 2 shows the congruence coefficients for the one-
through three-component analyses with orthogonal subject components. The
reason for the orthogonality is explained below.

For the Kojima girls’ data, the orthogonal subject component spaces seem to
be nearly unrelated components as most congruence coefficients are nowhere near
one (Table 2). However, regression analyses show that both the one-dimensional
and the two-dimensional solutions are contained in the three-dimensional solu-
tion, and the three-dimensional solution itself is again imbedded in the four-
dimensional one. This shows that for the subjects the lower-dimensional spaces
are nested in the higher-dimensional ones, but that the orientation of the axesin
each of the component spaces is different from that of the lower-dimensional one.
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Table 2. Congruence Coefficients of Several Parafac Solutionsto
Evaluate Type of Uniqueness of the Standar d Solution.

Analysis Numbersof PF1 PF2 PF3 Fit
components

1 1 2 1 2 3
PF1 1 100 | .78 62| -18 .70 .68 | .160
PF2 1 .78 (100 00| 47 60 64 | .301
PF2 2 62 | OO 100 | -8 .33 .33
PF3 1 -18 | 47 -8 |100 .00 .00 | .383
PF3 2 .70 | 60 33| .00 100 .00
PF3 3 68 | 64 33| .00 .00 1.00

Therefore, it seems that the parallel proportional profilesin these data are not very
strong and that one calls their existence into question.

Multiple Solutions.

Given that the Parafac model is arestrictive one, i.e., not all data sets have an
acceptable Parafac solution, one has to run analyses with different numbers of
components to determine whether the data contain parallel proportional profiles.
In other words, when solving for the Parafac model we are really concerned with
model fitting and not so much with data approximation. This also means that both
using too few and using too many components can lead to unsatisfactory solu-
tions. In general, it turns out that specifying too many components is more prob-
lematic than too few, because violation of the parallel proportional profile princi-
pleis more likely for later components. When two components are close together
in terms of their contributions to the fit of atoo small model, different analyses
may pick-up different components, and only when the number of componentsis
increased can stable solutions be found. Whether this occurs is very much data
dependent; see, Murakami and Kroonenberg (2003) for an example.

Solit-Half Srategy.

One way to get insight in the stability of the componentsisto split the datain
half and perform a separate analysis on both parts. If there is a true underlying
solution, it should show up in both analyses. Important restrictions to this proce-
dure are that there must be a stochastic mode for which splitting makes sense.
However, such a mode almost always exists in three-way profile data, in particu-
lar the subject mode. When there is no stochastic framework, splitting might not
be possible. For instance, in some typical experimentsin analytical chemistry
splitting the data set in halves does not make sense. The other caveat is that there
must be sufficient ’ subjects’ in the mode that is being split. In other words, both
splits must be large enough to minimise the influence of the idiosyncrasies of
specific individuals. How much is large enough is difficult to say in general,
because much depends on the noise level of the data and the clarity of the under-
lying structure. Harshman and DeSarbo (1984) discusses the split-half procedure
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in great detail with illustrative examples (see also Kiers & Van Mechelen, 2001);
see Kroonenberg (2008, pp. 326ff) for split-half analyses of the Kojima boys’
data.

Degeneracy.

Harshman (1970) was the first to note the problem of non-converging solu-
tions in which two components tend to become perfectly negatively correlated,
and in which the g increased without bound. Such solutions from a Parafac
analyses are called degenerate, and this phenomenon has been a topic of intensive
research ever since; for arecent paper, see, Stegeman (2006). The basic problem
causing the degeneracy is that algorithms to compute the model parameters
cannot cope with data that do not conform to the Parafac model, and therefore
produce degenerate, uninterpretable solutions.

Krijnen and Kroonenberg (2000) (see also Krijnen, 1993, p. 13ff.) discussed a
number of measures to assess whether an algorithm is tending towards such a
degeneration solution, and they suggest a number of heuristic values for these
measures. Their approach was inspired by and an improvement of earlier work of
Harshman and Lundy (1984a, p. 272). To assess degeneracy, we need the cosines
between two components in a single mode, which is the same as calculating the
congruence coefficient between the components. As an example, the cosine
between the sth and s'th component of the first mode is cos(a,,) = (a/'a). If we
define f, as the 1xJxK (column) vector of consisting of the terms a, (b, ¢, (see
Equation 2) then the cosine 6, between f; and f is the triple cosine product:

cog(8¢) = cos(as) cos(Bg) COS(Y) (5)

If cos(6) is approaching -1, there is almost certain a degenerate solution. It
signifies that the two components f, and f, have become proportional, and thisis
explicitly ‘forbidden’ in the Parafac model. The conclusion can be further sup-
ported by creating an SxS matrix of the cos(8, ) and inspecting its smallest
eigenvalue. If it gets, say, below .50, degeneracy might be present. In addition,
one should assess the condition number of the triple-cosine matrix (i.e., the lar-
gest eigenvalue divided by the smallest one). If the condition number is getting
large, say somewhat arbitrarily, larger than 5, a degeneracy is likely. Both the
smallest eigenvalue and the condition number are indicators whether the triple-
cosine matrix is of full rank asit should be for a Parafac solution. The best way to
confirm degeneracy is to run the same analysis again but with an increased
number of iterations and possibly with a more stringent criterion. If the indicators
get worse, degeneracy is getting more and more likely.

For the Kojima girls in an unconstrained three-component solution the triple-
cosine product between the first and second component was -.95, the smallest
eigenvalue of the triple-cosine matrix was .06, and the condition number of that
matrix was 23.4. Finally, the standardised component weights, i.e., the g2 /Total
sum or squares, were 3.9, 3.6, and .3, while they should be smaller than 1.0.
Clearly, the three-component solution is a degenerate one. In fact, also the two-
and the four-component solutions are degenerate. When degeneracy is suspected,
it is absolutely necessary to use several starting positions for the algorithm,
because ending up with one degenerate solution does not necessarily mean that
there is no properly convergent solution; see especially Paatero (2000) for an
enlightening discussion of this point. To circumvent degeneracy, one may pose
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constraints on the solution such as requiring one of the modes to be orthogonal or
imposing nonnegativity of the components. Not uncommonly abandoning the
Parafac model and exploring the data with a Tucker3 model might be a good
option and this was the approach taken with the Kojimagirls' data.

Searching for Convergent Solutions.

When searching for a satisfactory number of components, analyses with dif-
ferent numbers of components have to be run and, if necessary, restrictions have
to be placed on one or more of the component matrices. Parafac analyses for
Kojima'sgirls' datawere run with 1 through 4 components both with and without
orthogonality restrictions on the subjects’ components and, for purposes of assess-
ing stability, the data set was randomly split in halves (S1 and S2) and analysed
with orthogonal solutions.

The first objective in getting acceptable solutions is to have convergent and
non-degenerate solutions. None of the non-restricted analyses came up with an
acceptable solution as all of them were degenerate. Because of this, only results
of solutions with orthogonality restrictions are discussed. Note that because there
are only four levelsin the third mode, going beyond four components does not
make much practical sense. It should be noted that having convergent solutions
does not necessarily mean that the solutions are the same, a matter taken up in the
next section.

Table 3. Fit Measuresfor Parafac Solution with 1 through 4 Components

Model Data Proportional No. of Core Consistency Standardised Component

set Fit  Iterations Weights
PF1 All .160 56 1.00 .160
S1 175 55 1.00 173
S2 161 62 1.00 161
PF2 Al 301 225 .99 152 .148
S1 315 81 .93 160 .155
S2 312 66 1.00 161 151
PF3  All .383 266 .20 41 122 121
S1 405 135 .09 41 141 122
S2 400 254 .67 J44 134 122
PF4  All 459 112 .01 128 127 122 .08l
Sl 470 221 .18 135 128 121 .086
S2 443 103 .01 147 128 123 .076

Notes: S1, S2 = Split-half data sets

The proportional fitted sums of squares for the four solutions of the full data
set were .16, .30, .38, and .46 showing that at least 46% of the variability in the
data could be modelled with a parallel proportional profiles model. The two split-
half samples show similar explained variability. Also on the other measures the
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split-half samples show comparable results to the complete sample. Note that the
standardised component weights of most solutions show at least two nearly equal
values which might explain why the components of the successive solutions did
not align aswas evident in Table 2.

Examining Convergent Solutions.

Detailed analyses of convergent solutions via component comparisons using
the congruence coefficients are necessary to establish their stability. These
comparisons may also be used as an additional way to assess the uniqueness of
the solution, because assuming that there is a unique solution in the population,
the same components should recur in the overall solution and in the split-half
solutions, barring sampling errors and possible instability due to insufficient
subjects. It is an empirical question whether 76 subjects in the split-half samples
are enough to establish stability. When comparing solutions we could take our
lead from Lorenzo-Seva and Ten Berge (2006), who found in an empirical study
that subjects judged components to have afair similarity when the congruence
coefficient was in the range .85-.94, while two components with a congruence
coefficient higher than .95 were considered to be identical for interpretation.

Detailed analyses showed that there is no stability across the overall orthogon-
al analyses and the split-half ones. This suggests that there either is little stability
or that there are serious violations of the underlying model. Thisis contrast with
the boys' data where we could conclude that the same components were present
in the overall solutions and the split-halves, be it that there were considerable
differences between the split-halvesin that analysis.

Assessing the Parafac Core Array.

Bro (1998) (see dlso Bro & Kiers, 2003) suggested using the core consistency
as ameasure for evaluating Parafac models. This measure is based on assessing
how far away the core array derived from the Parafac componentsis from a
superdiagonal core array, i.e., the cube of size SxSxSin which only the g,,;,
0000 --» Ugsg NAVE Sizeable values, and all other core elements are near zero. Bro
(1998, p. 113-122) also proposed to construct a core consistency plot which has
the core values on the vertical axis and the core elements on the horizontal one
with the superdiagonal elements plotted first. For the Kojima girls’ data, core
consistency plots for the three-dimensional orthogonal solution and for the second
split-half set (S2) are presented in Figure 5.
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Figure 5. Core consistency plots for the Kojima girls' data. Left: Three-
component Parafac solution for all data; Right: Three-component solution
for subset S2.
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All two-component solutions had a core consistency of just about 100%,
indicating a perfect superdiagonal core array (see Table 3). The three-component
orthogonal solution (Figure 7) with a core consistency of 20% shows that there
are quite afew larger-than-zero elements in the core array, and the three super-
diagonal elements are not even the largest ones. However, the three-component
solution (Figure 7) of split-half sample S2 showed are far better core consistency
(67%) in contrast with the other split-half sample (9%) (Table 3).

Inter pretation

Above we have illustrated the presentation of the results via a table with the
scale coefficients (Table 1) also viathe per-component plot of the first compon-
ents of each of the three modes (Figure 4). If one wants to make pair-wise
component plots, it is not the components themselves which should form the
coordinate axes as they are correlated, but a set of orthogonal axes which span the
same space. Thisis necessary to obtain the correct interpretation of distancesin
such plots (Kiers, 2000). Given the problematic solution we will not show such a
plot in this paper, but examples can be found in Kroonenberg (2008).

Parafac with Constraints.

In a previous section we introduced the idea of constraining the components of
a Parafac solution to evaluate uniqueness, but constraints have a far wider use.
For instance, in intelligence tests all subtests have to correlate positively with
each other, therefore a nonnegative first component is obligatory and even two
non-negative components are desirable (Krijnen and Ten Berge, 1992). Thus
substantive issues may require restrictions on the components.

Parafac Core Arrays.

As mentioned above, one of the major reasons for degeneracies is that the data
contain so-called Tucker structure (Harshman & Lundy, 1984b). Under the Par-
afac model, each component of each mode is exclusively linked to one single
component of each of the other modes. Thus in the Parafac model only terms such
as a, ;s exist in which the s is the same for all modes. However, in some data
aso the term a, b c,, with s = sexplains a substantial part of the variability in the
data. In other words, there are two components a, and a, which have links the
components b, and c.. Thisis the standard situation in the Tucker3 model, but
prohibited in the Parafac model, and therefore solutions including such terms are
said to have Tucker structure. The core consistency plot (Figure 5) showed that
there were indeed many non-zero elements in the core array computed from the
three-component Parafac model for the Kojimagirls' data.

Conclusion from the Parafac Analysis

The scale and condition spaces of the Kojima girl data showed clear interpret-
ability, but a closer examination of the various solutions brought a considerable
number of problemsto light. That thisis particular to this data was clear from the
analyses of the parallel data of the boys, which were presented in Kroonenberg
(2008, chap. 13). By looking in detail at the quality of the solutions via fit meas-
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ures, comparing the original solution with split-half samples, inspecting con-
gruence coefficients between components, and examining core consistency, it
became clear that the Parafac model is not the most appropriate, or easiest to
interpret, model for these data. In the next section we will examine the same data
but with a Tucker3 model to establish whether using this model a better insight
can be gained into the judgements of parental behaviour.

Tucker3 Model
Objectives

The Tucker3 model is primarily used to find a limited set of components with
which the most important part of the variability in the data can be described. The
model is thus especially useful for data reduction and for exploration of variabili-
ty. The main reason that the Tucker model is not as directly useful as the Parafac
model for the search of developing or identifying general principles or rules that
underlie patternsin the variables isits rotational freedom. The basic result of
applying the Tucker3 model to three-way data are component spaces in which
any orientation of the axesis as good as any other one in terms of fit of the solu-
tion to the data. However, if descriptions of the patterns are desired in terms of
the original variables, subjects, and conditions, rather than as latent entities, the
rotational freedom can be extremely helpful in unravelling these patterns.

In three-way profile data the variability analysed takes mostly the form of
squared normalised deviations from the variable means at each condition (see
section on preprocessing). Thus, alarge part of the variability in the original data,
in particular the variability between the means per condition, is not contained in
the three-mode analysis itself. When interpreting results, this should always be
borne in mind. However, what facilitates the interpretation is that the removed
means represent the scores of the average subject, i.e., the person who has an
average score on each variable under each condition. In many applications, the
variablexcondition matrix of means contains important information in its own
right and should be carefully analysed, for instance via a biplots (Gabriel, 1971).
An important caveat is that such a matrix of meansis most effectively interpreted
if the sample over which the means are calculated is in some way representative
of an identifiable population. In the present example this means that we should
satisfy ourselves that the girls represent some meaningful sample of a population
of Japanese girls.

Types of Variability.

In contrast with the Parafac model, the Tucker3 model can handle both system
and object variation, and therefore can be used to fit data in which the correlations
between the components change over time. It is especially the simultaneous
handling of these types variation which make the Tucker3 model extremely useful
to investigate the patterns within and between modes in situations where little is
known a priori about them. Alternatively, the model can be used when one does
not want to prejudice the analysis or cannot find a satisfactory Parafac analysis.
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Model and Dimensionality Selection

When confronted with three-way data the choice of the most appropriate
Tucker3 model is not always an easy choice because the numbers of components
can vary independently for each mode. In this section we will try to find a reason-
ably fitting Tucker3 model for the Kojimagirls' data by first evaluating a series
of models with varying numbers of components in the three modes.
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Figure 6. Deviance plot for all Tucker3modelsP<4and Q<4and R<4.
The solid line connects optimal choices based on the deviance convex hull.

There are two types of plots useful for model selection: (1) the deviance plot
(Figure 6) displaying the deviance or residual sums of squares against the de-
grees-of-freedom, and the three-mode scree plot (Figure 7) showing the deviance
against the total number of components, i.e., N =P+ Q + R (Timmerman &
Kiers, 2000; Kiers & Der Kinderen, 2003). The models with the best SS(Residu-
al)/df ratios and those with the best SS(Residual)/N ratios lie on what is called the
convex hull, which is the curve drawn in each of these figures. To assist the
choosing a model, one may use the Ceulemans-Kiers (2006) st-criterion; see also
Kroonenberg (2008, p. 182ff.). This criterion looks for the sharpest angle in the
convex hull in the deviance plot. For the present data this occurs for the 4x3x2-
Tucker3 model, but it should be noted that the convex hull does not show much
curvature. The preferred model indicated by Cattell’s ““elbow’ in the three-mode
scree plot is the same 4x3x2-Tucker3 model. This model contains a large number
of components for the girls which may cause difficulties in interpretation. An
interesting alternative could be the more parsimonious 3x3x2-model, asit lies on
the convex hull in the deviance plot and only just misses it in the three-mode
scree plot. However, it has the disadvantage of only two scale components which
may be simplifying the scale space too much.

Unlike the Parafac model, the Tucker3 model has no serious problems with
multiple solutions, non-convergence, and similar algorithmic difficulties. Tim-
merman and Kiers (2000) conducted an extensive simulation study and they only
found problems when the numbers of components deviate much from the real
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number of components analysed, and even then primarily when random starts was
chosen, rather than arational ones.

It isinstructive to compare the fit of the Tucker3 model with those of compar-
able orthogonal Parafac ones. For the two-component models the proportional
fitted sums of squares are: .3151 (Parafac), .3016 (Tucker3 - 2x2x2), and for the
three-component models the proportional fitted sums of squares are: .4046
(Parafac), .3914 (Tucker3 - 3x3x3). Clearly on the basis of fit alone there is not
much to choose between comparable models.

Evaluating Fit.

Thefit of amodel can be partitioned in several ways to assess how well dif-
ferent parts of the data are fitted. In particular, one can look at the fit of the
components of each mode, at the fit of combinations of components from differ-
ent modes, at the levels within each mode, and at the fit of each data point. In this
way it is possible to make a detailed evaluation of the quality of the solution, and
search for ways to improve the analysis by expanding or restricting the model.

Table 4. Proportional Fit of the Components of the Three Modes for
4 x 3 x 2-Tucker3 Model

Components
Mode Sum 1 2 3 4
1 Girls 45 .16 14 .09 .07
2 Scdes 45 .24 15 .07
3 Conditions 45 37 .09
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Components. The overall fit of the 4x3x2-Tucker3 model is 41% whichisa
fairly common value, considering the size of the data and the fact that the fit
refersto individual data points rather than to covariances.

Girls. Due to the three-way orthogonality of the Tucker3 model, it is possible
to assess the fit or lack of it for each level of each mode separately (Ten Berge,
De Leeuw, & Kroonenberg, 1987). The sums-of-squares plot (Figure 8) shows
that there are several girls who have large total sums of squares coupled with a
good fit (e.g., G57 and G138), some girls have large total sums of squares cou-
pled with alow fit (e.g., G104). Girls located near the origin have both small
residual and fitted sums of squares (e.g., G44). Because the scales are centred this
means that the latter have scores close to the means of the variables. The large dot
on the dotted line indicates the point of average fit and average residual sum of
squares.
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Scales. Figure 4 shows that Nonenforcement is the worst fitting scale in the
4x3x2-solution, while Acceptance, Positive involvement, and Acceptance of
individuation fit best. Whether a scale fits better than another one, is not related to
the type of disciplining involved, but has something to do with the consistency
and variability of the answers. The normalisations ensured that all variables had
equal total sum of squares so that the scales are aligned on the slanted line of
equal total sum of squaresin the graph.

Judgement conditions. Asthere are only four conditions, thereis no need to
construct a sums-of-squares plot. The Girl-Father and Girl-Mother conditions
have a proportional fit of .49 and .56, respectively. The Father-Father and Moth-
er-Mother conditions have a better fit, i.e., .62 and .73, respectively. The (modest)
difference is probably due to more inconsistency in the girls' judgements over the
scales.
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Fit of combinations of components. Apart from determining an appropriate
number of components and their contributions to the overall fit, one may also
investigate the contributions of the component combinations to the fit of the
model to the data. Aslong as the components are orthogonal within the modes,
the core array can be partitioned into the explained variabilities by the combina-
tions of components by squaring the core elements and dividing them by the total
sum of squares after preprocessing (see on preprocessing). Thus, the proportion
explained variability of combination (p,q,r) is ggqr/SS(Total), where SS(Total) =
ZiZjZk zi]?k with Z the preprocessed data. For details on the Kojimagirls' data
see below.

Interpretation

In the Parafac analysis, we interpreted the results from the scales in a straight-
forward manner, i.e., we described the patterns of the components of the scales
and condition modes. On the whole, these patterns were relatively clear without
additional manipulation of the output itself. Moreover, Parafac components have
the proportional profile property which gives them a special status, and itis
primarily the patterns per component which need to be interpreted rather than the
patterns across components. However, from a ‘simple structure’ point of view
looking at patterns across components, many scales in the Parafac solution have
sizeable coefficients on more than one component, so that the components are al
but simple. Because of the rotational freedom, the results from a Tucker analysis
can be investigated for simple structure and that is what we will proceedto doin
this section. In particular, we will examine plots of components per mode, rota-
tions, both of component spaces and the core array, joint representations of the
modes, and using constraints.

Displaying Components and Core Array.

As mentioned in above, there are essentially four different ways in which the
components may be presented: (1) Tables of the coefficients or loadings for each
mode[] rotated or not (Table 1); (2) Separate pair-wise graphs of the components
per mode (not shown); (3) All-components plots showing all components of a
single mode in a plot with the levels of the modes on the horizontal axis (not
shown); (4) Per-component plots showing one component of each of the three
modes in the same plot (Figure 4). The third option is especially useful when
thereis anatural order for the levels of amode, but this was not the case here (for
an example see Figure 11.10 in Kroonenberg (2008, p. 268).

Scale components. The solution for the scales after rotation was already pre-
sented in Table 1. The rotational procedure, called the Harris-Kaiser independent
cluster rotation is described and evaluated in detail in Kiers and Ten Berge
(1994). In essence it is an oblique rotation realised via a varimax rotation on an
orthonormalised component matrix and its aim is to find as clearly separated
clusters of variables as possible. After rotation the normalised scale components
show indeed a much clearer cluster structure than in the Parafac case. The
components can now be designated as Acceptance, Regjection and Control, and
(Lax) Discipline, which again does not completely concur with the official group-
ing of the scales. However, the components no longer have the parallel propor-
tional profile property.
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Table5. Unrotated and rotated condition components and their fit

Unrotated Rotated Proportional
Condition 1 2 1 2  SS(Res)

Girl judging Father behaviour (D-F) 53 -4 .73 .03 49
Girl judging Mother behaviour (D-M) .54 -48 .68 -.03 .56
Father judging his behaviour (F-F) 46 .55 .01 .79 .62
Mother judging her behaviour (M-M) .46 52 -01 .62 73

Proportional fit of components 37 .09 .25 21

Note: Unit length components; Varimax rotation on the orthonormal components.

Judgement components. The mode of the judgement conditions is more
conveniently presented in atable (Table 5), because there are so few levels. From
thistable, it follows that the girls judge their parents’ behaviour as being rather
similar, and also the parents give similar judgements about their own behaviour.
The model selection graphs showed that adding condition components will not
really increase the fit, so that no further important distinctions between the
judgements can be found. In other words, it makes sense to talk about parental
behaviour rather than father or mother behaviour, be it that the daughters mostly
but not always agree with their parents about its nature.

Core array. The core array contains the weights for the links between the
components from different modes (Table 6). In the unrotated case, we are always
dealing with principal components, so that in almost all cases the first element of
the core array, here g,,, = 1.57, isthe largest one.

The second largest element in the unrotated core array, g,,, = 1.46 is a combi-
nation of the second girl component, the second scale component and the first
condition component, which is an impossible combination for a Parafac model.
Note, that the adjusted core array after rotation of the condition and scale com-
ponents has many more mid-sized elements than the original core array. This
general effect, i.e., distribution of variability, isthe priceto pay for having a
simpler component structure. Kiers (1998b) has devised procedures to simultane-
ously simplify the components and the core array.

A detailed examination of the rotated core array proceeds via a comparison of
the sizes of the links between the components. The rotated core array contains a
fair number of medium-sized elements, which complicates its interpretation.
However, due to the clear meaning of the rotated Tucker3 components (see Table
1) it is easier to investigate the relationships between the components from the
three modes. The substantive interpretation of the rotated core array makes use of
the fact that after rotation we have separate components for the daughters and the
parents (see Table 1). This translates itself into separate panels for the daughters
(left-hand panel) and the parents (right-hand panel). Looking at the first two rows
G1 and G2 corresponding to the first two girl or rather family components, we see
that the patterns are similar for the judges and that on the whole the core values
arevery similar aswell. Thisindicates that, for families having highly positive or
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Table 6. Tucker3 corearray

Raw Core Array %Explained Variability
C1 c2 C1 c2
S1 S2 S3 Sl S2 S3 S1 S2 S3 S1 S2 S3
Unrotated Core Array
G1 157 -.62 .05 A3 -14 14 13.8 2 .0 A1 A1 A1
G2 -.60 1.46 -.01 14 -.08 A1 2.0 119 .0 A1 .0 A1
G3 -.03 -.09 .81 91 a2 .05 .0 0 3.7 46 A1 .0
G4 04 .09 79 -73 .25 A1 .0 0 3.3 40 3 A1
Rotated Core Array
Daughters Parents Daughters Parents
Accept Control  Lax D Accept Control  Lax D Accept Control  Lax D Accept Control  Lax D
Gl 121 -.07 27 1.05 -.32 40 8.2 .0 4 6.1 .6 9
G2 .09 1.28 .10 14 .90 .23 .0 9.1 A1 A1 45 3
G3 -.76 A2 40 42 -.37 .68 32 A1 9 10 .8 25
G4 .23 -.39 .58 -51 41 .52 3 9 18 14 1.0 15

The numbersin bold indicate the larger elements of the core array. C stands for condition components; S for scale components; G for girls components. The rotat-

ed core is the result from a counter-rotation with respect to the varimax rotation of the condition components (see right-hand panel of Table 5). Accept = Accept-
ance; Control = Control & Rejection; Lax D = Lax discipline
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negative values on these components, the daughters and their parents have a
similar view on parenting style. Families with highly positive values on the first
family component show an accepting style of parenting g,,, = 1.21 and g,,, =
1.05 and a tendency towards lax discipline g,5, = .27 and g5, = .40; for families
with highly negative values thisis the reverse. Families with highly positive
values on the second family component show primarily a controlling and reject-
ing style of parenting g,,, = 1.28 and g,,, = .90 with small values for the other
core elements. The third family component (G3) shows a contrast in views
between the daughters and parents. Daughters: a negative value for Acceptance,
near zero for Control and a moderately positive value for Lax discipline
(-.76, .12, .40); Parents. a moderately positive value for Acceptance, a moderately
negative value for Control and a positive value for Lax discipline (.40, -.37,
and .68). The fourth family component signifies a contrast between daughters and
parents in judging parental style especially in the control and rejection scales, but
the judges agreein their view of the discipline exerted by the parents.

Obviously, actual families can have scores on several components and thus are
combinations of the patterns described above. It would have been insightful to
have additional information on the families to make a further in depth analyses of
parenting style of Japanese families. Unfortunately such information is not avail-
able as Kojima's primary interest centred on the usability of the CRPBI in Japan,
rather than on afull description of the perceptions on parental behaviour by
Japanese families.

Joint Biplots.

A large part of the analysis of three-way data concentrates on the links bet-
ween the components of the three modes, the size of which is contained in the
core array. The interpretation of these links can be hard when no clear meaning
can be attached to the (principal) components themselves. The principal compon-
ents represents after all directions in the component space, which are not neces-
sarily the directions of maximal interpretability. Not being able to assign substan-
tive meaning to components puts restrictions on the possibility of the interpreta-
tion of combinations of such components. This should be evident from the above
interpretation of the Kojima core array that leaned very heavily on the meaning of
the components in the scales and condition modes. To get around this, one may
construct ajoint biplot of the components of two modes (the display modes) given
a component of the third (the reference mode). Detailed expositions of these plots
can be found in Kroonenberg (2008) which also contains a number of examples
and ajoint biplot for the boys' data (Kroonenberg, 2008, p. 341). In most analy-
ses, they form the most powerful representation of the results of a Tucker3 analy-
SEs.

Rotations of Components and/or Core Arrays.

The basic solution of the Tucker3 model is based on the orthonormality of the
components in each mode. This is not a restriction due to the model, but one that
has to be made in order to obtain a solution. However, once a solution is obtained
it may be transformed without changing the fit to the data. Thisisin strong con-
trast with the Parafac model which due to its parallel proportional profiles puts
strong restrictions on the solution and rotating the component matrices automati-
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cally leads to aloss of fit. Each component matrix may be rotated both with
orthogonal transformations, such as varimax, and with oblique rotations or trans-
formations, such as oblimin and the Harris-Kaiser independent cluster rotation
(see Kiers & Ten Berge, 1994). The transformational freedom is a nuisance in the
sense that there exists no unique solution for the model, at the same time it may
be ablessing as it may be used to find more easily interpretable directions, which
turned out to be case in the present example. Most proposed criteria for transfor-
mations in the Tucker3 model are orthogonal asis evident in the work by Kiers,
summarised for instance in Kiers (1998b). This paper also treats the case of
searching for overall simplicity in the model by simultaneous transforming the
components and the core array. Applications where the combined procedure has
been used are, for instance, Van Mechelen & Kiers (1999), Murakami and
Kroonenberg (2003), and Kroonenberg (2008, p. 249ff.).

Tucker3 Model with Constraints.

Given that the Tucker3 model is primarily used in an exploratory sense, most
applications use models without constraints on the parameters. However, theoret-
ical developments have been extensive in the field of examining core arrays with
as many zero elements as possible; see Kiers (1998a) for an overview. With
respect to putting constraints on the components several authors have made
proposal in this area and shown examples of their use, such as Klapper (1998),
Bro and Sidiropoulos (1998), Bro (1998), Timmerman (2001), and Timmerman
and Kiers (2002).

Internal validation of the model

Earlier we looked at the relative fit of the components and the combinations of
the components via the core array, but we have not yet investigated the residuals
from amodel at the level of the individual data points. Similarly to other least
sguares procedures we may construct aresidual plot of the standardised residuals
verses the (standardised) predicted values. From such a plot (not shown) for the
three-component Parafac, for instance, one can see that there are some larger
standardised residuals, but given that we have 10,800 residuals that is only to be
expected. The general conclusion from that residual plot isthat the residuals are
well-behaved. A further view at the adequacy of the solution can be had by |ook-
ing at the distribution of the standardised residuals, which show as expected a
well-behaved normal distribution. There are only alimited number (13) outlying
observations, and there is no reason to be seriously worried about them.

CONCLUSION

In this paper an extensive overview is given of several practical issuesin
connection with applying three-models to real empirical data. It is hoped that this
paper will make it easier for relatively uninitiated researchersto apply these
techniques to unravelling complex patterns which exist in some three-way data
sets. By placing the two major three-mode models side-by-side, an overview has
been given of the strengths and weaknesses of these models. No real comprehen-
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sive comparison, however, was made as this would require a lengthier treatment
than was possible in the present context.

What has to be emphasised, however, is that the models may give very
comparable results. In such cases, the nature of the data, the requirements and
preferences of the researcher as well as ease of interpretation, play important roles
in model selection. Finaly, it should be remarked that it is often advantageous to
use both types of model to get a good understanding of what the data have to tell.
Eclecticism in model choice often leads to more insight than dogmatism.
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Footnotes

1. Parts of this paper are based on Chapter 16 in Kroonenberg (2008); 20081 John
Wiley & Sons Limited; reproduced and adapted with kind permission.

2. Due to Richard Harhman's untimely death on 10 January 2008, in finishing this
paper we were unable to benefit from his deep insights into three-mode analysis.
3. In this paper the word way will primarily be used to designate three-way data,
while the word mode will be used in connection with three-mode methods and
models.
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